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Abstract
It was observed in [Recent Progress in General Topology, North-Holland, 1992, pp. 637–757]
that the bonding maps used in inverse limit systems, such as Mardešic´’s construction [Proc. Amer.
Math. Soc. 11 (1996) 929–937] of the counterexample to the conjecture of the Hahn–Mazurkiewicz
Theorem in non-metric spaces, can be replaced by the more flexible and intuitive resolutions. The
construction of the counterexample used the idea of a pull-back. We show that some categorical
resolutions imply a pull-back and other map notions under certain conditions.  2002 Elsevier
Science B.V. All rights reserved.
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1. Categorical resolution spaces
Throughout this paper assume ‘space’ means a ‘T1 topological space’.
For a space Y,2Y denotes the non-empty closed subsets of Y .
Definition 1. Let X and Yx be topological spaces and for each x ∈X let fx : 2X\{x} → 2Yx
be a mapping from the set of closed subsets of X\{x} to the set of closed subsets of Yx .
Let Zc =⋃x∈X{x}×Yx . We say the set U ⊗F V is based on z whenever z= (x, y) and
x ∈ U is an open subset of X and y ∈ V is an open subset of Yx and F is a finite family of
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disjoint sets in 2X\{x} such that fx(F )∩V = ∅ for each F ∈F . Let Ux,F = (U\{x})\∪F .
Define a basic open set for Zc to be
U ⊗F V =
({x} × V )∪⋃{{x ′} × Yx ′ : x ′ ∈Ux,F}.
If F = {∅} we write the set U ⊗F V as U ⊗ V .
Proposition 2. The collection of sets of the form U ⊗ VF are a base for a topology on Zc
we call the categorical resolution.
Proof. The collection covers Zc. We will show that for any A,B ∈ B and z ∈A∩B there
exists a C ∈ B with z ∈C ⊂A∩B .
Let A = U ′ ⊗F W ′ and B = U∗ ⊗G W∗ be any two basic open sets based on z′ and
z∗, respectively. Let π be the projection map π :Zc →X and let π(z)= x , π(z′)= x ′ and
π(z∗)= x∗.
(1) π(z)= x ′ = x∗. Let C = (U1 ∩U∗)⊗F∪G (W ′ ∩W∗).
(2) π(z) = x ′, π(z) = x∗. Let V =U ′
x ′,F ∩U∗x∗,G and take C = V ⊗ Yx .
(3) π(z)= x ′, π(z) = x∗. Let C =U∗
x∗,G ⊗W ′. ✷
1.1. Structural and mapping notions
Definition 3. Given topological spaces X, Zx and maps gx :Zx → X for every x ∈ X,
define the pull-back PK of the familyK= {Zx,gx : x ∈X} as the subspace of the cartesian
product
∏
x∈X Zx consisting of precisely the points 〈zx〉 such that gx(zx) = gy(zy) for
every x, y ∈X.
Define λx,K :PK→ Zx as the projection for every x ∈X. Then gx ◦ λx,K = gy ◦ λy,K
for every x, y ∈X.
Consider the natural projection f :PK→X defined by f (z)= (gx ◦ λx,K)(z). We refer
to either PK or its projection f as the pull-back of the family K.
Furthermore, if φx :P → Zx also gives commutativity for the familyK, that is, gx ◦φx =
gy ◦ φy for every x, y ∈X, then there is a ψ :P → PK such that πx ◦ ψ = φx . Note that
given the pull-back operation that constructs PK and any ψ :P → PK we can then build
φx :P → Zx by φx = πx ◦ψ and then we get commutativity. So the “furthermore” says that
this is the only way to get commutativity. Thus PK is the “least common inverse image” of
all the original gx ’s.
Each gx :Zx → X, in the context of the definition of pull-back, is called a point map
at x ∈ X if gx  (Zx\g−1x (x)) is a homeomorphism onto X\{x}. A set A is a deleted
neighbourhood of a set B in a topological space if B is in the interior of A ∪ B . For a
map f :Z→X and any open set U ⊆X, the set f #U = {x ∈X: f−1(x)⊂U}.
Definition 4. Given any topological spaces Z and X, and a mapping f :Z→X, then f
has the property
• Star if given any element z ∈ Z and any open set U containing it, the point z is in the
interior of f−1f #U ∪ f−1(f (z)).
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• Fully closed if for any given x ∈X and any finite cover U of f−1(x) by sets open in
Z, the set {x} ∪⋃U∈U f #U is open in X.
• Weakly fully-closed if for any x ∈X and for any finite cover U of f−1(x) by sets open
in the space Z, then f−1(
⋃
U∈U f #U) is a deleted neighbourhood of f−1(x) in Z.
• Net invariant if whenever n and m are nets in Z and n converges to z in Z and neither
n nor m take on values in f−1(f (z)) and f n= fm, then m also converges to z.
• Local if it is the pull-back of point maps.
• Categorical resolution if there is a categorical resolution construction which builds
the space Z and f :Z→X is the natural projection.
Properties categorical resolution and local are structural properties of f while star,
weakly fully closed and net invariance are mapping properties.
Theorem 5. Let Z andX be disjoint T1 topological spaces and f :Z→X be a continuous
surjection. The following implications of f hold:
Categorical resolution ⇒ Star regular⇒ Weakly fully-closed
⇒ Net invariant f open⇐⇒ Local.
Star
without
regularity⇒ Net invariant.
Note. Regularity is used only once; to prove that star maps are weakly fully-closed maps.
In proving the implication that net invariant maps are local maps, the additional assumption
that f be open was required.
Proof of Theorem 5.
Categorical resolution ⇒ Star. Assume the categorical resolution construction builds Z
and f :Z→X is the projection. Suppose z ∈ Z and U ′ is an open set in Z containing z.
Since Z is a resolution there is an open subset U ⊗F V of U ′ based on some z ∈ U by
Proposition 2. Let x = f (z). We must show that U ⊗F V = ({x} × V ) ∪ f−1(Ux,F ) ⊂
f−1f #U ′ ∪ f−1(f (z)). We have {x} × V ⊂ f−1f (z) and f−1(Ux,F )⊂ f−1f #U ′. Note
this working covers both cases: (i) z′ ∈ ff−1(z), and (ii) z′ ∈ f−1(Ux,F ).
Star ⇒ Weakly fully-closed. Assume a finite cover U of f−1(x) is given. We need
to show the f−1(x) is a subset of the interior of f−1(
⋃
U∈U f #U) ∪ f−1(x). For any
z ∈ f−1(x) there is some U ∈ U for which z ∈ U . By property star z ∈ int(f−1f #U ∪
f−1(x))⊂ int(f−1(⋃U∈U f #U)∪ f−1(x)).
Weakly fully-closed ⇒ Net invariant. Suppose that n and m are nets in Z, that f n= fm,
that n converges to z and that f n and fm do not contain f (z). Suppose m does not
converge to z. Thus, there exists an open U around z so that m is cofinally outside U .
Let f (x) = z. By regularity, there is an open V containing z such that cl(V ) ⊂ U .
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Now {Z\cl(V ),U} covers Z and thus f−1(x). In general A∩B = ∅ implies f #A ∩
f (B)= ∅, so f #(Z\cl(V )) ∩ f (cl(V ))= ∅. Thus, f−1f #(Z\cl(V )) ∩ f−1f (cl(V ))= ∅
and therefore f−1f #(Z \cl(V )) ∩ V = ∅. By weakly fully-closed there is an open set
W which contains z so that f−1f #(Z\cl(V )) ∪ f−1f #U ∪ f−1(x) ⊃ W , and without
loss of generality W ⊂ V . So f−1f #U ∪ f−1(x) ⊃ W . But n is eventually inside W
and m cofinally is outside U . Now f n is eventually inside f #U ∪ {x}, and hence by
hypothesis, f n is eventually inside f #U , and so m must be eventually inside U which
is a contradiction.
Net invariant ⇒ Local. (Assume f is open.) Given arbitrary topological spaces Z and
X and the net invariant mapping f :Z→X, we will show that Z is in fact the pull-back
of some family K = {Zx,gx : x ∈ X} to be defined where the mappings gx :Zx → X are
point maps and Zx are topological spaces for each x ∈X.
Let the topology on Zx = (X\{x})∪ f−1(x) be τx = τx1 ∪ τx2 where
τx1 =
{
V ⊂X\{x}: V is open in X\{x}},
τx2 =
{(
f (U)\{x})∪ (U ∩ f−1(a)): U is open in Z}.
It is not hard to show that ∅ ∈ τx1 and Zx ∈ τx2 and that τx1, τx2 are closed under finite
intersections. If V ∈ τx1 and U is open in Z then V ∩ [(f (U)\{x}) ∪ (U ∩ f−1(x))] =
(V ∩ f (U))\{x} ∈ τx1 so τx is closed under finite intersections. Let U be an arbitrary
collection of open subsets of Z. Since f (
⋃
U∈U U)=
⋃
U∈U f (U) and⋃
U∈U
((
f (U)\{x})∪ (U ∩ f−1(x)))
=
(
f
( ⋃
U∈U
U
)
\{x}
)
∪
(( ⋃
U∈U
U
)
∩ f−1(x)
)
τx2 is closed under arbitrary unions. Now for V ∈ τx1, and V ⊂Z open
V ∪ [(f (U)\{x})∪ (U ∩ f−1(x))]= (f (W)\{x})∪ (W ∩ f−1(x)) ∈ τx2
where W = f−1(V )∪U . So τx is closed under arbitrary unions.
Let mappings gx :Zx → X be defined by gx(x ′) = x ′ if x = x ′ and gx(y) = x if
y ∈ f−1(x). Then gx is continuous for if V is any open set in X, it is easy to verify
that g−1x (V ) = V for x /∈ V and g−1x (V ) = (V \{x}) ∪ f−1(x) ∈ τx2 for x ∈ V are open
sets in Zx . For the latter case let U = f−1(V ) an open set in Z. Thus (f (U)\{x}) ∪
(U ∩ f−1(x)) = (V \{x}) ∪ f−1(x). We now show that gx is a point map, by showing
that gx  Zx\f−1(x)→ X\{x} is a homeomorphism. Suppose U is open in Z and let
W = (f (U)\{x}) ∪ (U ∩ f−1(x)). Then gx(W) = f (U)\{x} or f (U) depending on
whether U ∩ f−1(x) is empty or non-empty. In either case gx(W) is open in X, since f is
open and X is T1. Thus gx is an open map, and therefore it restricts to a homeomorphism
between Zx\f−1(x) and X\{x}.
We denote the pull-back of the family K by PK. To show that Z is local it suffices to
show that Z and PK are homeomorphic.
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Let ϕ :Z→ PK be given by ϕ(z)(x)= z if f (z)= x and f (z) otherwise for every x ∈X
and z ∈ Z.
ϕ is a bijection.
Claim. ψ :PK→ Z defined by ψ(p)= pgξ (pξ ) is the inverse of ϕ.
Firstly, gξ (pξ )= gζ (pζ ) for all ξ, ζ ∈X by definition of pull-back PK , so ψ is indepen-
dent of the choice of ξ . Given p ∈ PK, if we let x = gξ (pξ ) then px /∈X\{x} (otherwise if
px ∈X\{x} then gx(px)= px yet x = gx(px) so x = px ∈X\{x}). Thus px ∈ f−1(x)⊂
Z. Therefore ψ(p) really is an element of Z and therefore ψ is well-defined.
Does ψϕ(z)= z?: Let ϕ(z)= p and f (z)= x . Then px = z so gx(px)= gx(z)= x and
so ψ(p)= px = z, i.e., ψϕ(z)= z.
Does ϕψ(p) = p?: Let x = gξ (pξ ). Then ψ(p) = px and f (px) = x . Therefore
ϕψ(p)(x) = px , so ϕψ(p) has the right x-coordinate. If ξ ∈ X\{x} then f (px) = ξ so
ϕψ(p)(ξ) = f (px) = x = gξ (pξ ) = pξ , so ϕψ(p) has the right ξ -coordinate. Therefore
ϕψ(p)= p.
Proof that Z and PK are homeomorphic. See Fig. 1. ϕ is continuous. We show continuity
by preservation of nets. Suppose 〈za〉 is a net in A⊆Z (here A is considered only as a set
in Z) converging to z. We write this as zα A→ z. Fix x ∈ X. There are two cases. In each
case we have ϕ(za)(x)
Zx→ ϕ(z)(x).
(1) f (z) = x . In this case eventually za /∈ f−1(x) as f−1(x) is closed. Thus ϕ(z)(x)=
f (z) and ϕ(za)(x)= f (zα) eventually. By continuity of f we have f (zα) X→ f (z).
Thus ϕ(zα)(x)
Zx→ ϕ(z)(x).
(2) f (z)= x .
(a) Eventually zα ∈ f−1(x); in this case ϕ(zα)(x) Zx→ ϕ(z)(x)⇔ zα Z→ z.
(b) Eventually zα /∈ f−1(x); then ϕ(zα)(x) Zx→ ϕ(zα)(x)⇔ f (zα) Zx→ z. If this does
not happen then there exists an open U ⊂Z such that 〈f (zα)〉 is not eventually
inside f (U)\{x} so f (zα) X f (z)= x contrary to the continuity of f .
The map ϕ is closed. Take any closed F ⊂ Z. It suffices to show that if z /∈ F then
ϕ(z) /∈ clPK(ϕ(F )), for then we have ϕ(F )= clPK(ϕ(F )). There are two cases:
PK
λx,K
Z
Z
ϕ
λx,K◦ϕ
Fig. 1. Spaces PK and Z are homeomorphic.
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Case 1. f (z) /∈ f (F ). By way of contradiction, suppose that ϕ(z) ∈ clPK(ϕ(F )). Let
x = f (z). Then ϕ(z)(x) ∈ clZx (ϕ(F )(x)) and thus z ∈ clZx (f (F )). In fact this is not the
case, as we will now show.
Suppose z ∈ clZ(f−1f (F )). Then there is a net zα f
−1f (F )−→ z, so each f (zα) ∈ f (F ).
There is a net 〈z′α〉 in F such that f (z′α) = f (zα). By net invariance z′α Z→ z so z ∈
clZ(F ). Since z /∈ clZ(F ) by assumption, it follows from above that z /∈ cl(f−1f (F )).
Thus there is an open set U in Z containing z disjoint from f−1f (F ). So the set
(f (U)\{x}) ∪ (U ∩ f−1(x)) is open in Zx and it misses f (F ). As z ∈ U ∩ f−1(x) it
follows that z /∈ clZx (f (F )).
Case 2. f (z) ∈ f (F ). Suppose ϕ(z) ∈ clPK(ϕ(F )) but z /∈ F . Let f (z) = x . Then
ϕ(z)(x)= z. Since the projection λx,K :PK→ Zx is continuous, z ∈ clZx (ϕ(F )(x)) and
so every member of τx2 containing z meets ϕ(F )(x). Thus for every open U ⊂ Z\F such
that z ∈ U we have [(f (U)\{x}) ∪ (U ∩ f−1(x))] ∩ ϕ(F )(x) = ∅. We cannot have U ∩
f−1(z) ∩ ϕ(F )(x) = ∅ because if η is in this intersection then η ∈ U ∩ F = ∅! Therefore
(f (U)\{x})∩ ϕ(F )(x) = ∅ so (f (U)\{x})∩ (ϕ(F )(x)\f−1(x)) = ∅. Therefore there ex-
ists a yU ∈ U\f−1(x) and zU ∈ F\f−1(x) so that f (yU )= ϕ(zU )(x)= f (zU ). Now we
have two nets indexed by {U ⊂ Z: z ∈ U ⊂Z\F, U is open}. One, 〈yU 〉 is such that yU ∈
U for every U so yU → z. Neither yU nor zU are in f−1f (z). However f (yU)= f (zU )
for every U . So by net invariance zU
F\f−1(x)−→ z. Therefore z ∈ F which is a contradiction.
Local ⇒ Net invariant. As Z is local let it be the pull-back of spaces Zx and point maps
gx for each x ∈X. Let m and n be nets in Z such that n Z→ z, f (n)= f (m), and m,n do not
take values in f−1f (z). Let f (z)= x . We will show m Z→ z by showing that πxm Zx→ πxz
by continuity of the projection πx :Z→ Zx . Since gx restricted to Zx\g−1x (x) is a bijection
(and in particular one-to-one) onto X\{x} we have πxn= πxm in Zx . So πxm Zx→ πxz.
Star ⇒ Net invariant. (Without using regularity.) Suppose n and m are nets and that
f (n) = f (m) and n converges to z, f n and fm do not contain f (z). Suppose m does
not converge to z. Thus there exists an open set U in Z containing z so that m is co-
finally outside U . Let f (z) = x . Now by property star there is an open set W so that
f−1f #U ∪ f−1(x)⊃W and z ∈W (otherwise take W = ∅). But n is eventually inside W
and m cofinally outside U . Now f n is eventually inside f #U ∪ {x}. But by hypothesis on
f n, f n is eventually inside f #U . Thus fm is eventually inside f #U , and so m must be
eventually inside U , which is a contradiction. ✷
Question 1. Can the requirement that f be open in proving that net invariant maps are
local maps in Theorem 5 be dropped?
Question 2. Are net invariant continuous maps categorical resolutions?
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